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Abstrat
We present a desription of nite dimensional quantum entanglement, based on a study
of the spae of all onvex deompositions of a given density matrix. On this spae we on-
strut a system of real polynomial equations desribing separable states. We further study
this system using methods of statistial mehanis. As an example, we apply nally our
tehniques to Werner states of two qubits and obtain a suient riterion for separability.
1 Introdution
Separability is one of the entral issues in quantum information theory (see Horodeki et al.
[1℄ for a review) in that in a separable density matrix all orrelations are of lassial origin and
no real quantum information proessing, as based on the presene of quantum entanglement
of some kind, is impossible. The solution to the separability problem has been proved to be
NP-hard [8℄ and hene every partial solution onstitutes an important ahievement. Seminal
orner stones in that diretion have been the Peres-Horodeki riterion [2, 7℄, and entanglement
witnessing operators [5, 6℄. The rst method exploits the fat that positive operators onserve
the positivity of all separable density matries, whereas some entangled density operators are
mapped to non-positive operators. The latter approah uses limits for expetation values of
suitably hosen witness operators to distinguish between separable and entangled states. A
systemati analysis of the so alled bound entangled states has been initiated by means of
unextendible produt bases (UPB) [3℄ whih in turn also paved the way towards a formulation
of the separability problem in terms of roots of omplex polynomial equations [4℄. As far as we
know, this route has not been pursued any further and in partiular no diret test of separability
via the onvex roof extension of a pure state separability riterion has been probed so far. The
main obstales for suh an approah have their origin in the ompliations involved in the
minimization proedure over all deompositions of the density matrix under onsideration. A
proposal in this diretion however has been presented by Osborne [9℄. In this work we follow
this route proposing a similar approah for studying the bipartite separability problem in nite
dimensional Hilbert spae H = HA ⊗ HB ∼= Cm ⊗ Cn enoding the onvex roof minimization
in a way familiar from statistial-mehanis.
The paper is organized as follows. After a formal denition of the separability problem and
a short disussion of pure state separability riteria in the next setion, we give a geometrial
view on the spae of ρ-ensembles and a formulation of the bipartite separability problem in
terms of a set of nonlinear equations in setion 3. A mehanial analogy of these equations
is drawn in setion 4 in terms of a Hamiltonian or ost funtion on a restrited phase spae
and onstitutes the basis for the statistial mehanial approah presented in setion 5. After
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presenting a proof-of-priniples alulation for two-qubit Werner states in setion 6 we draw
our onlusions and give a short outlook of the presented formalism.
2 The bipartite separability problem
In order to formulate the problem, let us reall the following Denition:
Denition 1 A state ̺ of a bipartite system AB, desribed by HA ⊗HB, is alled separable if
there exists a onvex deomposition of ̺ omposed entirely of produt vetors:
̺ =
N∑
i=1
pi |xi〉〈xi| ⊗ |yi〉〈yi|, |xi〉 ∈ HA, |yi〉 ∈ HB. (1)
A natural problem arises, known as the separability problem: Given a state ̺, deide if it is
separable or not. This problem has been proven to be NP-hard (Gurvits [8℄) and (a part of) its
diulty lies in the fat that a onvex deomposition of a given mixed state ̺ into pure states:
̺ =
N∑
i=1
pi |Ψi〉〈Ψi| (2)
is highly non-unique (see e.g. Bengtsson and Z˙yzkowski [10℄). Thus, the following Denition
makes sense:
Denition 2 Unordered olletion {pi, |Ψi〉}, i = 1 . . . N of probabilities and vetors satisfying
(2) is alled a ̺-ensemble of length N .
In this work we develop the following approah to the separability problem: we propose
to searh the spae of all ̺-ensembles of a given state ̺ for produt ̺-ensembles (̺-ensembles
ontaining only produt vetors), by applying one of the existing neessary and suient en-
tanglement tests to eah member of the ensemble. We want the test whih has the simplest
funtional forma polynomial. Suh a test is provided by the square of generalized onurrene
(see e.g. Rungta et al. [11℄, Mintert et al. [12℄, Hulpke [13℄):
Proposition 1 For any vetor |ψ〉 ∈ HA ⊗HB one has that:
c2(ψ) := ||ψ||4 − trHA(trHB |ψ〉〈ψ|)2 ≥ 0 (3)
and the equality holds if and only if |ψ〉 is produt.
This leads to a set of real polynomial equations desribing separable states. The resulting
system is very ompliated due to the fourth order of some equations and a large number
of variables. Our idea is to study it using methods of lassial statistial mehanis. The
motivation is that suh methods have proven to be very eient not only within lassial
mehanis, but also in many other, distantly related areas (for an appliation to fundamental
ombinatorial problems see e.g. Kubasiak et al. [14℄ and referenes therein). Hene, we rst
develop a mehanial analogy for our system. Then we dene a suitable ost funtion, or
energy, introdue a anonial ensemble, and study the resulting partition funtion.
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3 The spae of ̺-ensembles and separability
Let us begin with desribing the spae of all ̺-ensembles of a given state ̺. For onveniene
we pass from normalized ̺-ensemble vetors |Ψi〉 to subnormalized ones: |ψi〉 := √pi|Ψi〉, suh
that ̺ =
∑N
i=1 |ψi〉〈ψi|. Let us x an eigenensemble {|eα〉} of ̺, where all the vetors |eα〉
orrespond to non-zero eigenvalues λα of ̺, α = 1 . . . r, and r := rank(̺) is the rank of ̺.
Then, all ̺-ensembles are haraterized by the well known Theorem by Shrödinger [15℄ (see
also [16, 17℄)
Theorem 1 Any ̺-ensemble {|ψi〉} of length N ≥ r an be obtained from a subnormalized
eigenensemble {|eα〉} suh that ρ =
∑
α |eα〉 〈eα| through the following linear transformation:
|ψi〉 :=
r∑
α=1
ziα|eα〉, (4)
where the matrix ziα ∈ C is an N × r blok of a unitary N ×N matrix, and hene satises
N∑
i=1
ziαziβ = δαβ . (5)
Theorem 1 gives us the haraterization of all possible ̺-ensembles in terms of N × r
matries z, satisfying the ondition (5). Geometrially, this ondition denes the so alled
Stiefel manifold
VN,r := U(N)/U(N − r). (6)
It forms a prinipal ber bundle over the Grassmann manifold GN,r (the set of r-dimensional
subspaes of CN) with a ber dieomorphi to U(r) (we refer to Kobayashi and Nomizu
Vol. 1 [18℄ for the denition and basi properties of ber bundles and to Spivak Vol. 5 [19℄ for
more information on the Stiefel and Grassmann manifolds).
However, note that there is some additional symmetry: from Eq. (2) we see that the order of
vetors in a ̺-ensemble does not matter, and thus two N×r matries z, z′ satisfying Eq. (5) and
diering only by a permutation of their rows dene the same ̺-ensemble. To x this freedom,
observe that a z-matrix satisfying Eq. (5) has neessarily rank r, and hene we may onsider
only those matries z, for whih the rst r rows are linearly independent. The set of suh z's
onstitutes a simply onneted open subset of VN,r (whih is nevertheless dense in VN,r) and
over suh a neighborhood the bundle VN,r
U(r)−−→ GN,r is trivial by onstrution. This allows us
to formally write down an expliit solution of the onstraints (5)
z = GS
(
1r
v
)
· U, (7)
where U ∈ U(r), 1r is the r×r unit matrix, v is an arbitrary, omplex (N−r)×r matrix, andGS
denotes the Gram-Shmidt orthonormalization [20℄ applied to the olumns. There are no more
symmetries, sine we have dened in Denition 2 ̺-ensembles using vetors |ψi〉 rather than
more physial projetors |ψi〉〈ψi|, as the latter are harder to work with. In ase of ̺-ensembles
dened through projetors, there would be an additional symmetry of multiplying eah row of
z by a (dierent) phase. Comparing Eq. (7) and Eq. (4), one sees that an arbitrary ̺-ensemble
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of length N is obtained from the xed eigenensemble by i) applying a unitary rotation to |eα〉's
and ii) subsequent inreasing of the length of the ensemble along the Grassmannian GN,r.
So far we have haraterized ̺-ensembles of a xed length N . It seems that in the searh
for produt ensemble we would have to onsider all possible lengths N ≥ r. However, from
Caratheodory's Theorem (see e.g. Kelly and Weiss [21℄) we know that a separable state an be
deomposed into at most N = m2n2 linear independent (in Rm
2n2−1
) produt states. Hene, it
is enough to onsider only ̺-ensembles of the length N = m2n2. (there is a natural inlusion
of spae of shorter ensembles in the spae of longer ones).
Let us now examine the entanglement test given by Proposition 1. First, we quote some
well known fats regarding the geometry of pure produt states (see e.g. Bengtsson and
Z˙yzkowski [10℄). Note that the polynomial c2(ψ), dened in Eq. (3), is in fat a sum of
modulus squared of quadrati, omplex-analytial polynomials in |ψ〉:
c2(ψ) =
1
2
d1,d2∑
a,b=1
∣∣〈ζAA′a ⊗ ζ˜BB′b |ψAB ⊗ ψA′B′〉∣∣2, (8)
where {|ζAA′a 〉}a=1,...,d1 , {|ζ˜BB′b 〉}b=1,...,d2 are orthonormal bases of the skew-symmetri spaes
HA ∧HA′ ∼= Cm ∧ Cm and HB ∧HB′ ∼= Cn ∧ Cn, respetively. Thus, c2(ψ) = 0, and hene |ψ〉
is produt, if and only if
〈ζa ⊗ ζ˜b|ψ ⊗ ψ〉 = 0 for all a, b . (9)
It is worth notiing that this is just the ondition for the matrix of omponents of |ψ〉 to have
rank one. Geometrially, the system of homogeneous equations (9), or equivalently the single
equation c2(ψ) = 0, desribes the image of the so alled Segre embedding CPm×CP n →֒ CPmn
given by ([x], [y]) 7→ [x ⊗ y]. As we an see from Eqs. (9), this image, i.e. the set of produt
vetors, is a omplex-analytial manifoldas an intersetion of omplex quadrisin ontrast
to the Stiefel manifolds VN,r, whih are real.
Sine for all i = 1, . . .N polynomials c2(ψi) are non-negative and equal to zero if and only
if |ψi〉 is produt, we an sum them up for a given ̺-ensemble, and thus obtain a olletive
separability test for the whole ̺-ensemble, given by a single polynomial funtion. Combining
this with the parametrization (4) and the onstraint (5), we obtain the following desription of
separable states:
Proposition 2 A states ̺ of rank r on Cm⊗Cn is separable if and only if the following system
of equations possesses a solution
E̺(z) :=
m2n2∑
i=1
c2(ψi) =
m2n2∑
i=1
r∑
α,...,ν=1
ziα ziβE
̺
αβµνziµziν = 0, (10)
Cαβ(z) :=
m2n2∑
i=1
ziαziβ − δαβ = 0, (11)
where
E̺αβµν :=
1
4
〈eα ⊗ eβ|Πm ⊗Πn eµ ⊗ eν〉 (12)
and Πm,Πn are the projetors from C
m ⊗ Cm, Cn ⊗ Cn onto the skew-symmetri subspaes
C
m ∧ Cm, Cn ∧ Cn respetively.
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We note that the pure state entanglement measure we use is the square of the generalized
onurrene c(̺) (f. Rungta et al. [11℄, Mintert et al. [12℄), however, instead of the onvex
roof onstrution c(̺) := inf
∑
i pic(Ψi) = inf
∑
i c(ψi) (where |Ψi〉 are normalized vetors), we
analyze
E̺(z) =
∑
i
p2i c
2(Ψi). (13)
as a "quantier" of entanglement. We remind the reader that no aveats are introdued by
this, sine we are only interested in the detetion of zero entanglement rather than in the full
onstrution of an entanglement monotone.
Note that the Eqs. (10), (11) are invariant with respet to loal unitary transformations,
sine when ̺ is separable also UA⊗UB̺U †A⊗U †B is, for arbitrary UA ∈ U(m), UB ∈ U(n). The
latter transformation an be viewed either as a loal hange of basis (passive view) or as an ative
rotation (ative view). Indeed, from Eq. (3) one immediately sees that c2(UA ⊗ UBψ) = c2(ψ).
Thus, the funtion E̺ and all quantities derived from it are onstant on the whole unitary lass
of ̺, i.e. on [̺] := {UA ⊗ UB̺U †A ⊗ U †B ; UA ∈ U(m), UB ∈ U(n)}. In what follows, we refer
with ̺ to its loal unitary lass [̺].
We give a brief omparison to a previous analysis arried out by Wu et al. in Ref. [22℄,
also leading to a dierent set of polynomial equations. These authors have used a higher
order polynomial test for separability: let σA := trHB |ψ〉〈ψ|, then |ψ〉 is produt if and only
if det(σA − 1) = 0. The relation to Eq. (3) is established by observing that det(σA − 1) =∑m
k=0(−1)kck(σA), where ck's form a basis of U(m)-invariant polynomials (see e.g. Ref. [23℄).
Partiularly, 2c2(σA) =
(
trσA
)2 − trσ2A, whih is preisely the generalized onurrene squared
(f. Eq. (3)). For testing separability, it is suient to onsider only c2.
4 Mehanial analogy
Equations (10) and (11) form a system of real (after taking real and imaginary parts) polynomial
equations. Let us denote by V̺ the set of its solutions for a given ̺. Then the separability
problem is equivalent to the question whether V̺ is empty or not. In priniple there is a general
solution to suh problem, provided by the so alled Real Nullstellensatz (see e.g. Bohnak et
al. [24℄). It says that V̺ = ∅ if and only if the ideal generated by the polynomials E̺,
{ReCαβ , ImCαβ}, and by all (real) sum-of-squares (SOS) polynomials1 ontains the onstant
−1. Equivalently, V̺ = ∅ if and only if there exist a SOS polynomial s =
∑
n(wn)
2
, a real
polynomial t, and (omplex) polynomials uαβ suh that:
−1 = s(z) + E̺(z)t(z) +
∑
α,β
Re
[Cαβ(z) uαβ(z)]. (14)
However, nding suh a ertiate is omputationally very diult and ineient, due to the
fat that the degrees of polynomials s, t, and uαβ are a priori unbounded (see also Refs. [9, 25℄).
Here we develop a dierent approah based on a statistial analysis of a lassial-mehanial
analogy. Namely, we treat ziα as a olletion of omplex row vetors zi ∈ Cr ∼= R2r, i = 1 . . . N
and treat eah row zi as a omplex phase-spae oordinate of a titious partile moving in
1
Interestingly, SOS polynomials also appear in a solution to the lassiality problem of states of a single
mehanial systemthey are enough to detet a very broad family of states through generalized squeezing
onditions (Korbiz et al. [26℄).
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r-dimensional spae. Then the whole matrix ziα beomes a phase-spae oordinate of a system
of N suh partiles in their omposite phase-spae Γ := R2r × · · · × R2r ∼= CNr. Now, let
E̺(z1, . . . , zN) and Cαβ(z1, . . . , zN) be dened by Eqs. (10) and (11). We emphasize that E̺
depends on the separability lass of the analyzed state ̺ through the xed eigenensemble {|eα〉}.
From the property (3) it follows that
E̺(z1, . . . , zN) ≥ 0 for any (z1, . . . , zN) ∈ CNr. (15)
We will think of E̺ as a ost funtion or Hamiltonian (it is extensive in the number of titious
partiles N), of our titious mehanial system. Then, we an treat Cαβ as at the primary
onstraints imposed on the a priori independent phase-spae oordinates (z1, . . . , zN). We
note that even if the mehanial system orresponds to free partiles (if E̺ was diagonal) the
resulting model is nevertheless interating due to the fores of inertia indued by the non-linear
onstraints.
The orner stones of the mehanial interpretation of the separability problem (10), (11)
an be summarized as follows: the ̺-ensembles of density matries with a xed rank r form
the Stiefel manifold VN,r, whih we an be viewed at as a onstraint surfae in the phase-spae
Γ. Eah state ̺ denes the non-negative ost operator E̺αβµν (12) whih uniquely denes the
ost funtion E̺ on Γ, whih probes the separability of the ensembles. The ost funtion E̺
assumes the value zero on the onstraint surfae VN,r (whih is then its global minimum) if and
only if ̺ is separable.
5 Statistial-mehanial approah
Although in priniple one ould tempt to solve the onstraints expliitly by Eq. (7), the resulting
parametrization of the onstrained manifold is rather hard to work with due to the iterative
nature of the Gram-Shmidt orthonormalization. We irumvent the ompliations with an
expliit inorporation of the onstraints by using a standard method of impliit treatment of
onstrained systems due to Dira [27℄. It is based on the introdution of Lagrange multipliers.
To this end we dene the full Hamiltonian of the systems as
Hfull(z1 . . . zN) := E̺ +
∑
α,β
ωαβCαβ , (16)
where ωαβ are the Lagrange multipliers. Note that the onstraints written in the matrix Cαβ
are not all independent: it is in fat a hermitian matrix and we need to employ one Lagrange
multiplier for eah independent onstraint only. On the other hand we have onsiderable
freedom for hoosing the spurious Lagrange multipliers in the Lagrange matrix ω. We hoose
ω to be hermitian. Then, Hfull is hermitian and has only real eigenvalues. Moreover, in order
to take into aount all independent onstraints, we require that detω 6= 0. The onstraints
Cαβ ≡ 0 are then realized on average by setting to zero the variation of Hfull with respet to
ωαβ : ∂Hfull/∂ωαβ = 0.
The number of titious partiles N will in general be notably largein dimension 2 ⊗ 4
for example we have N ≥ 64. Thus, the diret analytial study of our titious mehanial
system seems rather hopeless and we proeed further using methods of statistial mehanis
and numerial simulations. The most natural framework would be miroanonial ensemble,
however it is also diult to work with. Hene, we will introdue a anonial ensemble, keeping
in mind that this is just a tehnial tool, so, for example, the inverse temperature β plays only
a role of a parameter here, without any physial meaning.
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We proeed to dene the anonial partition funtion Z for our system. The most natural
denition is perhaps the following
Z(β; ̺) =
∫ ∏
i,µ
d
2ziµ
∏
α≤β
δ
[Cαβ(z1 . . . zN)]e−βE̺
=
∫ ∏
i,µ
d
2ziµ
∏
α≤β
δ
[ N∑
i=1
ziαziβ − δαβ
]
exp
{
− β
N∑
i=1
r∑
α,...,ν=1
ziα ziβE
̺
αβµνziµziν
}
, (17)
where the integration is expliitly restrited to the onstraint surfae VN,r (f. Eq. (6)) given
by Cαβ ≡ 0. The intuition behind suh an approah is the following. We an formally introdue
onstraint state density funtion
ρ(ǫ) :=
∫ ∏
i,µ
d
2ziµ
∏
α≤β
δ
[Cαβ(z1 . . . zN)]δ(ǫ− E̺(z)). (18)
Sine E̺(z) ≥ 0, ρ(ǫ) is non-zero only for ǫ ≥ 0. Then:
Z(β; ̺) =
∫ ∞
0
dǫρ(ǫ)e−βǫ. (19)
Let us assume that the state in question is entangled. Then E̺(z) is stritly positive, so there
exists a onstant a suh that E̺(z) ≥ a > 0. The average energy is then separated from zero:
〈〈E̺〉〉 := 1
Z(β; ̺)
∫ ∞
0
dǫρ(ǫ) ǫe−βǫ ≥ 1
Z(β; ̺)
∫ ∞
a
dǫρ(ǫ)ae−βǫ = a. (20)
Now let ̺ be separable. Then, by Proposition 2 E̺(z) has zeros on the onstraint surfae
Cαβ = 0 with eah zero orresponding to a separable ̺-ensemble. Sine suh ensembles are
rare, we expet that the state density ρ(ǫ) → 0 with ǫ→ 0. Let us assume for a moment that
the leading term in the atual dependene of ρ(ǫ) was given by a power law
ρ(ǫ) = Aǫδ, A, δ > 0. (21)
Then we obtain the well established result Z(β; ̺) = A
βδ+1
Γ(δ + 1) and
〈〈E̺〉〉 = Γ(δ + 2)
Γ(δ + 1)
1
β
=
δ + 1
β
. (22)
Thus, we put forward the following onjeture:
Conjeture. For the "state density" funtion ρ(ǫ), dened in Eq. (18), it holds: i) the
mean energy (dened in Eq. (20)) 〈〈E̺〉〉 = a > 0 if and only if ̺ is entangled; ii) the mean
energy 〈〈E̺〉〉 sales as 1/β if and only if ̺ is separable.
We antiipate that indeed we observe suh a behavior in a simple ase of 2 ⊗ 2 Werner
states [28℄. Note that in general the exponent δ will depend on the state δ = δ(̺).
The partition funtion dened in Eq. (17) is diult to work with analytially (however
one an still investigate it numerially, e.g. using Monte Carlo methods), so we use a dierent
objetthe partition funtion for the full Hamiltonian (16). We rst resale the variables:
ziα 7→ ziα/
√
N and then dene:
Z(β, ω; ̺) :=
∫ ∏
i,µ
d
2ziµ exp
[
− β
N2
(
E̺(z1 . . . zN) +N
∑
i
〈zi|ωzi〉 −N2trω
)]
, (23)
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where 〈 · | · 〉 denotes the standard salar produt in Cr. Performing further resaling:
β = N2β˜ , ω =
N
β
ω˜ , (24)
Z(β, ω; ̺) beomes (after dropping the tildes):
Z(β, ω; ̺) =
∫ ∏
i,µ
d
2ziµ exp
[
− βE̺(z1 . . . zN)−
∑
i
〈zi|ωzi〉+Ntrω
]
=
∫ ∏
i,µ
d
2ziµ exp
[
− β
∑
i
∑
α,...,ν
ziα ziβE
̺
αβµνziµziν −
∑
i
〈zi|ωzi〉+Ntrω
]
. (25)
Now we are able to reprodue the (resaled) onstraints (11) only on average:
∂
∂ωαβ
logZ(β, ω; ̺) = 〈〈Nδαβ −
∑
i
ziαziβ〉〉 (26)
where the average 〈〈·〉〉 is taken with respet to the probability density dened through Eq. (25):
P̺(z1 . . . zN ; β, ω) :=
1
Z(β, ω; ̺)
exp
[
− βE̺(z1 . . . zN)−
∑
i
〈zi|ωzi〉+Ntrω
]
. (27)
Thus, requiring that ∂/∂ωαβ logZ(β, ω; ̺) = 0 amounts to:
Nδαβ = 〈〈
∑
i
ziαziβ〉〉. (28)
Following the standard treatment of onstrained systems, the equations (28) are treated as
onditions imposed on a priori arbitrary (apart form being hermitian and non-singular) matrix
of Lagrange multipliers ω. We note that the above approah based on Hfull is nothing else but
a (formal) evaluation of the integral (17) through the saddle point method with N →∞.
A signiant simpliation of the partition funtion (25) omes from the form of our Hamil-
tonian E̺from Eq. (10) it follows that E̺(z1 . . . zN) =
∑
iE1̺(zi), where E1̺ is just the
funtion E̺ with N = 1. The situation is more subtle with the onstraints (28). For the pur-
pose of this work we will assume that the ontribution to the sum from eah titious partile
is equal,i.e. 〈〈ziαziβ〉〉 = δαβ for every i. In general, suh equipartition of ourse does not have
to hold and it is an additional restrition on the Lagrange multipliers. By suh an assumption
we however ahieve a fatorization of the partition funtion:
Z(β, ω; ̺) = [Z1(β, ω; ̺)]
N , (29)
where Z1 is a one-partile partition funtion:
Z1(β, ω; ̺) :=
∫ r∏
µ=1
d
2zµ exp
[
− βE1̺(z)− 〈z|ωz〉+ trω
]
=
∫ r∏
µ=1
d
2zµ exp
[
− β
∑
α,...,ν
zα zβE
̺
αβµνzµzν − 〈z|ωz〉+ trω
]
. (30)
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From now on we will onsider Z1 only. The onstraint equations (28) are then replaed by
a one-partile version:
∂
∂ωαβ
logZ1(β, ω; ̺) = δαβ − 〈〈zαzβ〉〉 = 0 , (31)
in aordane with our extra assumption made above. The average in Eq. (31) is taken with
respet to the probability distribution:
P1̺(z; β, ω) :=
1
Z1(β, ω; ̺)
exp
[
− βE1̺(z)− 〈z|ωz〉+ trω
]
. (32)
In partiular, Eq. (31) implies that 〈〈|zα|2〉〉 = 1.
To understand the meaning of Eq. (31), let us assume that ω = ω0(β; ̺) is its solution. Then
Eq. (31) implies that a family of vetors {|ψ(z)〉 := ∑α zα|eα〉 ; z ∈ Cr} forms a ontinuous
̺-ensemble with respet to the probability distribution (32), i.e.:∫
d
2r
zP1̺(z; β, ω0) |ψ(z)〉〈ψ(z)| = ̺ (33)
irrespetively of β. Sine E1̺(z) = c
2
(
ψ(z)
)
(f. Eqs. (3) and (10)) is the onurrene squared
of eah |ψ(z)〉, the average energy is just the ensemble average of the onurrene squared:
〈〈E1̺〉〉0(β) :=
∫
d
2r
zP1̺
[
z; β, ω0(β; ̺)
]
E1̺(z) = − ∂
∂β
logZ1
∣∣∣
ω=ω0(β;̺)
. (34)
Due to the property (8) one an formally simplify the integral (30) using the Hubbard-
Stratonovith trik. Indeed, Eq. (30) an be rewritten as:
Z1(β, ω; ̺) =
∫ r∏
µ=1
d
2zµexp
{
− β
d1,d1∑
a,b=1
∣∣∣∣∑
α,β
habαβ(̺)zαzβ
∣∣∣∣2 − 〈z|ωz〉+ trω}, (35)
where:
habαβ(̺) := 〈ζa ⊗ ζ˜b|eα ⊗ eβ〉 (36)
and we have resaled β by 1/4. Next, we use the Hubbard-Stratonovith substitution:
exp(−β|y|2) =
∫
d
2s
πβ
exp
(
−|s|
2
β
+ i sy + isy
)
. (37)
to obtain (after a formal interhange of the integrations):
Z1(β, ω; ̺) =
∫ d1,d2∏
a,b=1
d
2sab
πβ
exp
(
− 1
β
∑
a,b
|sab|2 + trω
)∫
1
2r
r∏
µ=1
dzµdzµ
×exp
{∑
α,β
[
− zαωαβzβ + i
∑
a,b
sab h
ab
αβ(̺)zαzβ + i
∑
a,b
sab h
ab
αβ(̺)zα zβ
]}
. (38)
The above integral is nite if and only if ω > 0 (as we said earlier we assume ω to be non-
singular in order not to loose any of the onstraints, hene the strong inequality here). This
puts no restrition on the amount of independent parameters in ω and from now on we will
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assume this ondition to hold. Performing the Gaussian integration in the 2r variables z, z
nally yields:
Z1(β, ω; ̺) = π
r
∫ d1,d2∏
a,b=1
d
2sab
πβ
exp
(
− 1
β
∑
a,b
|sab|2 + trω
) 1√
detM̺(s, ω)
, (39)
where 2r × 2r matrix M̺(s, ω) is dened as follows:
M̺(s, ω) :=
[
ω −2i∑a,b sabhab(̺)
−2i∑a,b sab hab(̺) ω
]
, (40)
(we used the fat that ω = ωT ) and hab(̺) denotes the r× r matrix whose elements are habαβ(̺).
6 Calulation for Werner states
In this Setion we apply the developed statistial method to study Werner states of a 2 ⊗ 2
dimensional system. They are dened as follows:
W (p) := (1− p)|Ψ−〉〈Ψ−|+ p
4
12 ⊗ 12, (41)
where:
|Ψ±〉 := 1√
2
(|01〉 ± |10〉), |Φ±〉 := 1√
2
(|00〉 ± |11〉) (42)
are the Bell basis states and {|0〉, |1〉} is the standard basis of C2. The statesW (p) have positive
partial transpose, and hene are separable (Peres and Horodeki et al. [2℄), for p ≥ 2/3. As
the xed eigenensemble {|eα〉} of W (p) we take:
|e1〉 :=
√
1− 3
4
p |Ψ−〉, |e2〉 :=
√
p
2
i|Ψ+〉, (43)
|e3〉 :=
√
p
2
i|Φ−〉, |e4〉 :=
√
p
2
|Φ+〉. (44)
We proeed to alulate the one-partile partition funtion Z1
(
β, ω;W (p)
) ≡ Z1(β, ω; p). In
what follows we assume p > 0, for p = 0 orresponds to a pure state. Aording to the general
formula (39), we have to nd the matries h
ab
(
W (p)
)
andMW (p)(s, ω), dened in Eqs. (36) and
(40). Sine in the ase of C2⊗C2 the skew-symmetri subspae C2 ∧C2 is one-dimensionalit
is spanned by a single vetor |ζ〉 = 1/√2(|01〉 − |10〉) in eah opy AA′ and BB′there is
only one matrix h
ab
(
W (p)
) ≡ h(p) and only one Hubbard-Stratonovih parameter sab ≡ s.
Calulation of h(p) and MW (p)(s, ω) ≡Mp(s, ω) yields:
h(p) =
1
8

4− 3p 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p
 (45)
Mp(s, ω) =
[
ω −2ish(p)
−2i sh(p) ω
]
, (46)
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so that:
E1(z; p) =
1
64
∣∣(4− 3p)z21 + pz22 + pz23 + pz24∣∣2, (47)
and:
Z1(β, ω; p) =
∫
d
2z1 . . .d
2z4exp
[
− β ∣∣(4− 3p)z21 + pz22 + pz23 + pz24∣∣2 − 〈z|ωz〉+ trω](48)
(we have absorbed the fator 1/64 into the denition of the parameter β).
Next, we alulate detMp(s, ω) for p 6= 0. We rst perform a transformation:
Mp 7→M ′p :=
[
h(p)−1/2 0
0 h(p)−1/2
]
Mp
[
h(p)−1/2 0
0 h(p)−1/2
]
=
[
ω′ −2is
−2i s ω′
]
, (49)
where:
ω′ := h(p)−1/2ωh(p)−1/2 . (50)
Then we multiply Eq. (49) on the left by
[
1 0
2i s ω′
]
to obtain:
[
1 0
2i s ω′
]
M ′p =
[
ω′ −2is
0 4|s|2 + ω′ ω′
]
, (51)
and after taking the determinants of both sides:
detMp(s, ω) = deth(p)
2
det
(
4|s|2 + ω′ ω′). (52)
We then substitute Eq. (52) into Eq. (39) and nally obtain (with x := 4|s|2):
Z1(β, ω; p) =
π4
4β deth(p)
e
tr[ω′h(p)]
∞∫
0
dx e−
x
4β√
det
(
x+ ω′ ω′
) , (53)
where ω′ is dened through Eq. (50). The above integral is well dened, sine det
(
x+ω′ ω′
)
=
det
(
x +
√
ω′ ω′
√
ω′
)
and
√
ω′ ω′
√
ω′ is stritly positive, as we have assumed that detω 6= 0.
We an expliitly alulate the derivative ∂logZ1(β, ω; p)/∂ω
′
. For a generi ω′ it takes the
following form:
∂logZ1(β, ω; p)
∂ω′
=
√
h(p)
∂logZ1(β, ω; p)
∂ω
√
h(p)
=
[ ∞∫
0
dy e−
y
4β√
det
(
y + ω′ ω′
)
]−1 ∞∫
0
dx e−
x
4β√
det
(
x+ ω′ ω′
)[h(p)− (x+ ω′ ω′)−1ω′]. (54)
The speial ase of Eqs. (53), (54) for Bell-diagonal states is straightforwardit is enough to
replae matrix h(p) from Eq. (45) with the diagonal matrix 4 diag(1− p1 − p2 − p3, p1, p2, p3).
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Figure 1: The plot ofmin
ω′
||∂logZ1(β, ω; p)/∂ω′||HS for Werner states as a funtion of probability
p for β = 10.
7 Numerial results
Further studies of the integral (53) were performed using numerial methods. Aording to
Eq. (31) one has to searh for a saddle point of logZ1(β, ω; p) with respet to ω (or equivalently
with respet to ω′; f. Eq. (50)). The searh was performed by ood-minimizing the Hilbert-
Shmidt norm of ∂logZ1(β, ω; p)/∂ω
′
αβ for a range of parameters β = 10, 100, . . . . For simpliity
we assumed a spei form of ω′:
ω′ =

γ 0 0 0
0 λ 0 0
0 0 λ 0
0 0 0 λ
 (55)
and minimized the derivative (given by formula similar to to Eq. (54), but taking into aount
the spei symmetry of (55)) with respet to the parameters γ, λ > 0. We payed attention that
the obtained minima are not on the border of the region ω′ > 0 (or equivalently ω > 0). The
spei hoie (55) of ω′ was motivated by the form of the ost funtion (47). We also obtained
some numerial evidene that in the generi ase the minima of ||∂logZ1(β, ω; p)/∂ω′||HS were
attained for matries ω′ very lose to (55). The results of the simulations for β = 10 are
presented in Fig. 1 (the results for higher values of β did not dier from those for β = 10). We
see that for p ≥ 0.89 the onstraints (31) an be satised. We shall all the interval where it
happens equipartition region.
Next, the dependene of the average entanglement 〈〈E1W (p)〉〉0(β) (f. Eq. (34)) of the
ontinuous ensemble (33) on β within the equipartition region was examined (reall that outside
this region the one-partile onstraints (33) are no longer satised). Fig. 2 shows a sample plot
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Figure 2: The plot of 〈〈E1W (p)〉〉0(β) for p = 0.90 on a double log sale.
for p = 0.9. One sees that the average energy indeed sales like 1/β, just like predited by the
Ansatz (21) and Eq. (22). The estimated exponent δ at this value of p is δ ≈ 1.75. We have
also heked that in the limiting ase β → ∞ the equipartition region is not altered. Hene,
our proedure seems to detet separability of the Werner states (41) at least for p ≥ 0.89 and
thus an serve only as a suient ondition for separability. We did not hek the behavior of
〈〈E1W (p)〉〉0(β) outside the equipartition region p < 0.89.
8 Further questions and onluding remarks
The statistial mehanial approah to the separability problem as presented here diers from
the more traditional tehniques in that we studied the spae of onvex deompositions of a
given state, rather than the onvex set of all states. The resulting polynomial equations are
real due to the onstraint (11) and this real struture makes the analysis more ompliated
than it would be in a omplex ase. Hene, we applied statistial-mehanial methods to study
possible zeros of this system. As an example we studied 2 ⊗ 2 Werner states (41). However,
the numerial diulty already at this simple example was quite high and we have applied
several simpliations. Nevertheless, the numerial results suggest that at least for separable
states in a viinity of the identity, the partition funtion and the average energy, related to
the ensemble entanglement (f. Eq.(13), show some qualitative hange in their behavior.
There are obviously some important questions left. First of all, we postulated rather than
derived the power-law state density behavior (22) for entangled states. It would be an inter-
esting, albeit diult, task to try to analytially derive this law. Or at least to nd some
arguments in its favor.
Another thing is that in passing from the full N-partile onstrains (28) to the one-partile
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one (31) we have taitly assumed a sort of equipartition of the onstraints, i.e. that the
onstraints are divided equally among the partiles. But it atually does not have to be like
that. In partiular, the shape of the urve in Fig. 1 tells us that below p = 0.89 the onstrains
are not equiparted. Thus, in priniple one should work with the full N-partile partition
funtion (25) and seek regions were full onstraints (28) an be satised. Then the saling of
the average energy with β within that regions will be able to disriminate between separability
and entanglement.
As a side remark, we note that quite surprisingly, the value p = 0.89 appears in Braunstein
et al. [29℄ separability riterion, based on an estimation of the size of a ball of separable
states around the normalized identity (see also Bengtsson and Z˙yzkowski [10℄ and the refer-
enes therein). It will be worth analyzing this urious oinidene in order to gain a deeper
understanding of the strengths and weak points of the presented approah.
Finally, let us mention that in priniple one an try to diretly numerially alulate integral
(17) using Monte Carlo method. The points of VN,r an be generated either using Eq. (7) or,
what seems more feasible, diretly from denition (6). The latter method amounts to generating
random unitary matries from U(N) and disarding (N − r) of their olumns (for the methods
of random generation of unitary ensembles see e.g. Po¹niak et al. [30℄). However, we have
not performed suh simulations.
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